The Affine Kac-Moody Algebra
Letġ be a finite dimensional semisimple complex Lie algebra with Chevalley basis {H α , E α , F α } with α belonging to the set of simple roots. The elements of the so-called Cartan matrix A are defined by A jk = α k (H αj ) = 2 (α k , α j ) (α j , α j ) , j, k = 1, 2, . . . , ℓ where, (α j , α k ) = B H α j , H α k , B( , ) being the Killing form ofġ and H α an element of the Cartan subalgebra h which is assigned uniquely to each root α ∈ ∆ by the requirement that B (H α , H) = α(H) for all H ∈ h. The elements in the Chevalley basis satisfy
Every finite dimensional semisimple complex Lie algebra can be constructed from its Cartan matrix A which satisfies the following propierties. a) A ii = 2 ∀i, i = 1, . . . The starting point on the construction of infinite dimensional Kac-Moody algebras is the definition of a generalized Cartan-matrix with elements A ij (i, j ∈ I, I = 0, 1, . . . , ℓ) satisfying a) A ii = 2 ∀i ∈ I b) A ij is either zero or a negative integer for i = j. c) A ij = 0 if and ony if A ji = 0.
A Lie algebra whose Cartan matrix is a generalized Cartan matrix is called a Kac-Moody algebra ( [5] , [6] ). A Kac-Moody algebra is affine if its generalized Cartan matrix is such that det A = 0 and all the proper principal minors of A are positive. In the following we restrict ourselves to the affine case.
For a Kac-Moody algebra the Cartan subalgebra h is divided into two parts h = h ′ ⊕ h ′′ . The basis elements of h ′ are H a j (j ∈ I) and h ′′ is the one-dimensional complementary subspace of h ′ in h generated by one element that we call d. The center C in the affine case is one-dimensional. Every element of C is a multiple of h δ where δ is defined by the following conditions
The Cartan subalgebra h has dimension ℓ + 2. In order to obtain a basis for h * we need ℓ + 2 linear functionals. We can take as basis α k (k = 0, 1, . . . , ℓ), and the linear functional Λ 0 defined as:
There exists two types of affine complex Kac-Moody algebras: Untwisted and Twisted. The untwisted ones g (1) may be constructed starting from any simple complex Lie algebra. The twisted affine Kac-Moody algebras g (q) (q = 2, 3) can all be constructed as subalgebras of certain of these untwisted algebras.
i) Untwisted affine Kac-Moody algebras
Letġ be a simple complex Lie algebra of rank ℓ. A realization of the complex untwisted affine Kac-Moody algebra g (1) is given by
with the following conmutation relations
ii) Twisted Affine Kac-Moody algebras Letġ be a simple complex Lie algebra and τ a rotation of the set of roots ofġ. If the rotation τ is not an element of the Weyl group ofġ then there exist an associated outer automorphism Ψ τ such that Ψ τ (h α ) = h τ (α) . We have τ q = −1 and also
p be the eigenspace corresponding to the eigenvalue e 2πip/q . The Twisted Affine Kac-Moody algebra is then:
Highest Weight Representations. The Contravariant Hermitian Form
A subset ∆ + of ∆ is called a set of positive roots if the following propierties are satisfied i) If α, β ∈ ∆ + and α + β ∈ ∆ then α + β ∈ ∆ + ii) If α ∈ ∆ then either α or -α belongs to ∆ + iii) If α ∈ ∆ + then −α / ∈ ∆ + For each set of positive roots we may construct a Borel subalgebra
Let U (g) denote the universal enveloping algebra of g and let ω be an antilinear anti-involution of g i.e. ω [x, y] = [ωy, ωx] and ω (λx) = λω (x) such that
where γ r is the highest positive root. When ωe i = f i and ωh i = h i (i = 0, . . . , l) then ω is called the compact antilinear anti-involution and is denoted by w c .
Let
When H is positive semi-definite, Π is said to be unitarizable. In the following we construct the Hermitian form H ( [3] ). We choose a subspace n ⊂ g such that g = p ⊕ n. Then we have U (g) = nU (g) ⊕ U (p). Let β be the proyection on the second sumand. Let Λ be a 1-dimensional representation of a parabolic subalgebra p (in particular a Borel subalgebra b as in the integrable representations case) satisfying Λ (β (u)) = Λ (β (ωu)) ∀u ∈ U (g).
defines a representation of g on M p,ω (Λ) via left multiplication that is called a (generalized) Verma module and that is a highest weight representation. In addition it can be shown that there exists a unique contravariant hermitian form defined by
which is independent of the choice of p. Let I(Λ) denote the Kernel of H on M p,ω (Λ). Then H is nondegenerate on the highest weight module
In the following we will give for each of the unitarizable representations (integrable, elementary and exceptional) the choice of p and ω for which the hermitian form is nondegenerate and positive definite. 
Integrable representations
Let ω = ω c and let Λ :
These representations are called the integrable highest weight representations. In particular if g is finite-dimensional, these are the finite dimensional representations. The fundamental weights Λ 0 , Λ 1 , . . . , Λ l are such that
In this way given the fundamental weights of a finite dimensional Lie algebraġ
we can construct the fundamental weights of the Kac-Moody algebra g as extensions of the fundamental weightsΛ in the following way:
A being the Cartan matrix ofġ and Λ 0 the linear functional defined in paragraph 1. Every integrable highest weight representation is unitarizable.
Elementary representations
We know that for a finite dimensional simple Lie algebraġ an infinite dimensional highest weight representation is unitarizable only ifω is a consistent antilinear anti-involution corresponding to a hermitian symmetric space (see [7] , [8] ). The remaining unitarizable representations can be constructed only for KacMoody algebras related to these type of finite dimensional Lie algebras. Letḃ = ⊕ α∈∆ + ∪{0}ġ α be a Borel subalgebra of the finite dimensional Lie algebraġ. Consider the parabolic subalgebra (called "natural")
Take a Cartan decomposition of the Lie algebraġ corresponding to a hermitian symmetric space:ġ =ṗ − ⊕k ⊕ṗ + ,k =k − ⊕η ⊕k + whereṗ andk are the subspace and the subalgebra corresponding to non-compact and compact roots respectively. We define an antilinear anti-involution ω of g by Consider now a set of highest weights Λ 1 , . . . , Λ N corresponding to unitarizable highest weight modules for the hermitian symmetric spaceġ (for an explicit calculation see [1] , [2] ). Define a representation p nat → / C by
for x ∈ḃ and C i k ∈ / C with C i k = 1. Then the resulting representation is called "elementary" and it is unitarizable.
Exceptional representations
Another class of unitary representations (called "exceptional") are constructed in this paragraph for the Kac-Moody algebra z k ⊗ su (n, 1) k ∈ Z, n ≥ 1. Letġ = su (n, 1) and let be a Cartan decompositionġ =k ⊕ṗ. Thenḣ = k 1 ∩ḣ ⊕ Rḣ c wherek 1 = k ,k andḣ c belongs to the center ofġ.
We take a realization of g = z k ⊗ su (n, 1) in terms of matrices (a ij (z)) i, j = 0, . . . , n. The matrix elements are of the form a (z) = n∈Z a n e inθ with z = e iθ . We will use the notation a (z) = n∈Z a n e inθ . Let p = {(a ij (z)) ∈ g/a ij = 0 if i > j} be the parabolic subalgebra. The antilinear anti-involution acts in this case as
Define a representation Λ : p → / C by Λ (a ij (z)) = 0 i, j = 1, . . . , n Λ (a 0j (z)) = 0 j = 1, . . . , n Λ (a 00 (z)) = − s 1 a 00 e iθ dµ (θ) = −ϕ (a 00 (z))
where µ (θ) is a positive Radon mesure defined in the unit circle s 1 and infinitely supported.
It can be shown (see [3] ) that the hermitian form H (we remind that it is completely determined by giving w, p and a representation of p) is positive definite and then the corresponding representation in the space L p,w (L) is unitary.
Tensor products
The only remaining possibility in order to complete the set of all unitarizable representations for affine Kac-Moody algebras is the corresponding to the highest component of a tensor product of an elementary with an exceptional representation for z k ⊗ su (n, 1) (see [4] ).
Explicit results concerning the construction of these unitary representations will be given in a forthcoming paper.
